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Motivation

We said

”For most of the statistics we consider, if the sample size is large
enough the sampling distribution will be symmetric and
bell-shaped.”

We will model it as the normal distribution (aka the Gaussian
distribution).

The distribution was named after Carl Friedrich Gauss, the
greatest mathematician in history. He proved the fundamental
theorem of algebra four ways, inventing a new branch of
mathematics each time. He worked in number theory,
co-invented the telegraph, and discovered non-Euclidean
geometry, but did not publish, fearing controversy.
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But first, what is a histogram?

Histograms are a common type of plot for displaying the
distribution a numerical variable.

The x axis, representing the numerical variable, is divided into
bins of equal width, and the height of each bar represents the
number of units in that bin.

Histogram of the age variable in the ‘senate 113‘ dataset.
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How did we make a histogram

From Clara’s HW02
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Density histogram

You can also plot a density histogram where the vertical axis is
density.

I Count: The height of each bar is the number of
observational units in that bin.

I Density: The area of each bar is the proportion of
observational units in that bin. (The height is whatever it
needs to be to make the area work out correctly).
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Think harder

The following density histogram describes the distribution of the
age variable in the senate 113 data set

What’s the sum of the area of all bars in the density histogram?
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What is a normal model

Think a normal model as a smoothed density histogram that is
symmetric and bell-shaped.
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What is a normal model

The normal distribution is fully characterized by two things:

I The mean of a normal model shows where it is centered.
I The standard deviation of a normal model shows how

spread out the normal is.
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Area under the curve = probability

1. The area under the curve of a normal distribution is equal
to the proportion of the observations falling within that
range (aka probability)

2. Knowing just the mean and standard deviation of a normal
distribution allows you to calculate areas in the tails and
percentiles

3. The probability gives you an idea about how extreme a value

Let’s explore together:
https://gallery.shinyapps.io/dist_calc/
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Simple rule

The 68–95–99.7 Rule

For any normal distribution,

I 68% of observations are within µ± σ

I 95% of observations are within µ± 2σ

I 99.7% of observations are within µ± 3σ
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z-scores

Often, we standardize the data to have mean 0 and standard
deviation 1

This is done with z-scores:

z = (x− µ)/σ

Places everything on a common scale.

What does z-score measure in simple English?
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Example

Reggie Jackson, the famous baseball player, has an IQ of 132.
What percentage of people are smarter than him?

Assume that IQs are normally distributed with mean 100 and
standard deviation 16.

We want the area under the normal distribution for IQ that lies
to the right of 132. By the z-transformation, this is equivalent
to the area under the standard normal distribution that lies to
the right of

z =
x− µ

σ
=

132− 100

16
= 2

The area above 2 is P (z > 2) = 0.025. Thus about 2.5% of
people are smarter than Reggie Jackson.
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We go the other way

We find the value of the data (x) that corresponds to a given
percentage.

x = µ+ zσ

To join Mensa one must be in the top 2.5% of the IQ
distribution. What score do you need? That gives the z-value of
approximately 2. So 2.5% of the area under the standard normal
is above 2.
Now we use the inverse z-transformation:

x = µ+ zσ = 100 + (2)(16) = 132.

One needs an IQ score of at least 132 to join.
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z-scores

Often, we standardize the data to have mean 0 and standard
deviation 1

This is done with z-scores:

I From x to z:
z = (x− µ)/σ

I From z to x:
x = µ+ zσ

Places everything on a common scale.

z-score measures how many standard deviation away from the
mean.
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Summary of main ideas

1. What is a normal model

2. z-scores
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